We extend the definition of the Kobayashi pseudodistance to almost complex manifolds and show that its familiar properties are for the most part preserved. We also study the automorphism group of an almost complex manifold and finish with some examples.
Introduction
The Poincaré metric on the open unit disk D | in the complex plane C | is a Riemannian metric |v| = |v| euc 1 − |z| 2 conformal with the Euclidean metric | · | euc , that induces a distance d on D | with the remarkable property that every holomorphic mapping f : D | → D | is distance nonincreasing in d. This fact, discovered in 1915 by Pick [Pi] is an invariant formulation of the Schwarz lemma. In 1967 Kobayashi used the distance d to define a pseudodistance d M on any (connected) complex manifold M, such that any holomorphic mapping from a complex manifold L to a complex manifold M is distance nonincreasing with respect to d L and d M . When this Kobayashi pseudodistance d M is a distance, it may be used to obtain information about holomorphic mappings to or from M; in this situation M is said to be (Kobayashi-) hyperbolic. Some references for Kobayashi hyperbolicity are [JP, Ko1, Ko2, La, NO] .
In this paper * we extend the definition of the Kobayashi pseudodistance to almost complex manifolds and show that its familiar properties are for the most part preserved. Results whose proofs are similar to known ones for complex manifolds are merely stated. We also study the automorphism group of an almost complex manifold and finish with some examples.
Proposition 1. The function d M : M × M → IR is nonnegative, symmetric and satisfies the triangle inequality, i.e. it is a pseudodistance, called the Kobayashi pseudodistance. Pseudoholomorphic mappings between almost complex manifolds are distance nonincreasing with respect to the Kobayashi pseudodistance.
As in the case of complex manifolds, d M is finite on any almost complex manifold, but this requires an existence theorem for pseudoholomorphic disks due to Nijenhuis and Woolf [NW] . Proof. We must first prove that any two points in M can be joined by a Kobayashi chain. It is enough to prove that for any point p ∈ M there is a neighborhood U p of p such that any point q in U p can be joined to p by a single pseudoholomorphic disk. For then the set of points that can be joined by a Kobayashi chain to some fixed point is open and nonempty, and its complement is open, so every point can be joined to the fixed point since M is connected.
The problem is now local, so we consider (IR 2n , J). Let v ∈ T 0 IR 2n = IR 2n . By theorem III of [NW] , there is some neighborhood V of 0 in IR 2n such that if v ∈ V , then there exists a pseudoholomorphic mapping f : D | → (IR 2n , J) with f (0) = 0 and f * (0)e = v; this mapping could be choosen canonically. We write this mapping as f (z; v) to show its dependence on v. We denote its differential with respect to z by f * (z; v). By 5.4a of [NW] , f :
is a C ∞ mapping. It satisfies f (0; v) = 0 and f * (0; v)e = v. In addition, by 5.2a of [NW] , it satisfies f (z; 0) = 0 on the unit disk. Since
there is some neighborhood W of 0 in D | such that for every ζ ∈ W , the matrix ∂f * (ζ; v)e ∂v v=0 is of full rank. Now
where multiplication is with respect to the complex structure on IR 2n ≃ C | n induced by the linearization. So there exists some ζ 0 ∈ W \{0} such that
is a matrix of full rank. Then f (ζ 0 ; V ) contains an open neighborhood of 0 in IR 2n , because f (ζ 0 ; 0) = 0. So if q is in this neighborhood, there is some v ∈ V such that f (·; v) is a pseudoholomorphic disk joining 0 and q.
Since
by the triangle inequality, to prove continuity of d M it is enough to prove continuity of the mappings d(·, p 0 ) for all p 0 ∈ M. The reasoning above shows that for every ε > 0 there exists some neighborhood U of p 0 such that for some
The proof that d M induces the standard topology on M if it is a distance can now be carried through by the method of Barth [Ba] . 2
It is obvious that for any p 1 , q 1 ∈ (M 1 , J 1 ) and p 2 , q 2 ∈ (M 2 , J 2 ) we have
but this inequality is much less useful than in the complex case. For if (M 1 × M 2 , J) is a product manifold with an almost complex structure J, it is almost never true even locally that J decomposes as a product of complex structures J = J 1 × J 2 . In chapter 2 we state a result on hyperbolicity of almost complex manifolds which are fiber spaces. A more elementary fact is Proposition 2. Let π : E → B be an almost complex locally trivial bundle. Then for every two points p, q ∈ B we have
Proof. Since π : E → B is pseudoholomorphic we have
On the other hand every pseudoholomorphic disk f :
Corollary. The same formula holds for almost complex (unbranched) We note that the Kobayashi-Royden infinitesimal pseudometric F M may also be defined on almost complex manifolds using the results of Nijenhuis and Woolf. The definition is
where p ∈ M, v ∈ T p M and the infimum is taken with respect to all pseudoholomorphic mappings f : D | → M with f (0) = p and f * (0)e = rv. This may be reformulated as another invariant πF M (p; v) −2 = sup(πr 2 ) which looks similar to the so-called Gromov width from symplectic geometry, see [Gr, MS] .
Chapter 2
It is clear that Kobayashi hyperbolicity implies Brody hyperbolicity. Brody [Br] discovered that for complex manifolds the converse holds under the additional condition of compactness. As is usual, we take the term hyperbolic to mean Kobayashi hyperbolic, and denote other hyperbolic properties by a prefix.
The following is a version of Brody's theorem [Br] for almost complex manifolds:
J) be an almost complex manifold and | · | a continuous norm on T M. If there exists a constant C such that
If M is compact hyperbolic, then there exists a constant C such that
A
compact almost complex manifold is hyperbolic if and only if it is Brody hyperbolic.
Proof. Suppose that a constant C exists with |f * (0)e| ≤ C for all pseudoholomorphic mappings f :
by precomposing with suitable disk automorphisms. Let ρ be the distance associated to | · |. Then for every pseudoholomorphic mapping f : D | → M and for every pair z 1 , z 2 ∈ D | the following holds:
The last inequality implies 0 < ρ(p, q) ≤ Cd M (p, q) for every pair of points p = q, whence the first claim follows.
To prove the second claim, note that if no such constant C exists, then neither does there exist a constant C such that
and assume that M is compact. We will show that M is not hyperbolic. Since M is compact, we may extract a subsequence to assure that f k (0) → p ∈ M. Let K be a compact set with p an interior point on which J is tamed by an exact symplectic form, and let r k be the supremum of radii r ≤ 1 such that f k (rD | ) ⊆ K. Gromov's Schwarz lemma, see Corollary 4.1.4 of [Mu] , implies that
It is clear that a hyperbolic almost complex manifold is Brody hyperbolic. Assume on the other hand that M is a compact, but not hyperbolic, almost complex manifold. We shall prove that there exists a nonconstant pseudoholomorphic mapping g :
We put a Riemannian metric | · | on M. Since M is not hyperbolic, there is a sequence of pseudoholomorphic mappings f k :
The proof of Brody's reparametrization lemma [Br] goes through unchanged for almost complex manifolds. We use it in the form that if (M 2n , J) is an almost complex manifold, | · | a continuous norm on T M and f : rD | → M a pseudoholomorphic mapping such that |f * (0)e| ≥ c > 0, then there exists a pseudoholomorphic mapping h :
See p. 27 of [NO] for a proof that can be adapted virtually unchanged. We apply Brody's reparametrization lemma to the sequence of pseudoholomorphic mappings
k − |z| 2 . Using the last inequality and compactness theorem 4.1.3 of [MS] , we conclude that g k has a subsequence which converges uniformly with all derivatives on compact subsets of C | to a pseudoholomorphic mapping g :
More general versions of Brody's theorem are known for complex manifolds. See theorems 2.2 and 2.3 of [La] . They have analogs for almost complex manifolds, which are easily proved by modifying the proofs in [La] along the lines of the above proof. Then one can prove the following theorem in the same way as theorem 3.1 is proved in [La] : 
Chapter 3
The automorphism group
In contrast to the complex case, generic almost complex structures admit no local automorphisms other than the identity and so the group Aut(M 2n , J) is usually trivial. The obstruction theory for local and formal automorphisms of almost complex manifolds was developed in [Kr] . However in practice we usually need criteria for this generic property. Here we give one connected with the notion of hyperbolicity.
It is a result of Kobayashi [Ko1] that the automorphism group of a closed (usually called in the literature just compact but with assumption of empty boundary) hyperbolic complex manifold is finite. This is also true in the almost complex case. For closed almost complex manifolds, the group of pseudoholomorphic diffeomorphisms of the manifold to itself is a Lie transformation group, when equipped with the topology of Σ-convergence, i.e. uniform convergence on compact sets of the mappings and their derivatives through the third order, as was proved by Boothby, Kobayashi and Wang [BKW] .
Theorem 4. The automorphism group
Proof. Since G is a Lie group we may consider its Lie algebra G consisting of pseudoholomorphic vector fields; i.e. fields ξ on M 2n such that L ξ J = 0 or [ξ, Jη] = J[ξ, η] for every vector field η on M 2n . In particular, [ξ, Jξ] = 0. This means that if 0 = ξ ∈ G then we have a nonconstant pseudoholomorphic curve f : C | → M 2n through a point p ∈ M 2n of the form
The exponential mapping is globally defined since M 2n was assumed closed. Now (M 2n , J) was assumed hyperbolic and so such a nonconstant pseudoholomorphic curve cannot exist. Hence G is trivial and thus G is discrete.
We must now show that G is compact. Since M is compact and second countable, G is second countable. So it is enough to prove that any sequence ϕ k ∈ G has a Σ-convergent subsequence. In the following, each time we extract a subsequence, we give it the same notation as the original sequence. Note that G is a subgroup of the isometry group I(M, Let ϕ k ∈ G be a sequence, and extract a subsequence converging in
. Fix a Riemannian metric on M with corresponding norm | · |. We use the boundness of derivatives from theorem 2 to deduce that the sequence (ϕ k ) * of first derivatives must be bounded. Otherwise we can extract a subsequence to assure that
where |v k | = 1 and v k ∈ T p k M. Now extract subsequences to assure that p k → p ∈ M and v k → v ∈ T p M, |v| = 1. Let ξ be a smooth vector field extending v and such that |ξ| = 1 on a neighborhood of p. By 5.4a of [NW] and arguments from chapter 1, there exists a number r > 0 and a smooth family f q : rD | → M for q ∈ U, where U is a neighborhood of p, such that f q (0) = q and (f q ) * (0)e = ξ q . Now we obtain a sequence of pseudoholomorphic mappings ϕ k • f p k : rD | → M with the property that
which contradicts hyperbolicity.
Note also that we might obtain the boundness of the sequence of derivatives by the nonlinear Schwarz lemma of [Gr] using the compactness. Such a Schwarz lemma also holds for higher derivatives [Mu] , which yields the desired convergence result. Now consider the space J 1 P H (M, M) of 1-jets of pseudoholomorphic mappings of M to itself, i.e. the set of points (p, q, Φ) with p, q ∈ M, Φ ∈ T * p M ⊗ T q M, satisfying the equality Φ • J p = J q • Φ. This space carries a canonical almost complex structure [Gau] for which the standard projection π : such that the element Φ ∈ T * p M ⊗ T q M which also could be considered as a tangent vector to J 1 P H , satisfies |Φ| ≤ r. Thus we have pseudoholomorphic mappings ρ r :
r (p × q) carries the standard complex structure and hence is hyperbolic for every p, q ∈ M and M is also hyperbolic. Thus by theorem 3 the almost complex manifold J 1 P H (M, M) r is hyperbolic. Now by the arguments above for some r we have the following commutative diagram of pseudoholomorphic mappings:
For p, q ∈ M and an isometry ψ ∈ G we have
and so for every ψ ∈ G, j 1 ψ is an isometry with respect to d M and d (J 1 P H )r . Using the generalization of the result of van Dantzig and van der Waerden quoted above, we conclude that we may extract a subsequence to assure that ϕ k converges uniformly in J 1 P H , i.e. the sequence of derivatives converges uniformly. Exactly the same arguments above show that the derivatives of the mappings j 1 ϕ k are bounded and we may consider the hyperbolic almost complex manifold J 1 P H (M, J 1 P H (M, M) r ) r to extract a subsequence for which we have uniform convergence in the C 2 sense. Applying the argument one more time, we obtain a Σ-convergent subsequence, thus ϕ k → ϕ ∈ G.
2
Note that if a vector field ξ ∈ G is an element of the Lie algebra of G then it is complete, i.e. globally integrable. So if also jξ ∈ G then the beginning of the proof does not use any other completeness and we obtain the following statement:
Proposition 3. No almost complex Lie group of positive dimension acts effectively as a pseudoholomorphic transformation group on a hyperbolic almost complex manifold.
This is an analog of the third statement of theorem 9.1 of [Ko2] , see also [Ko1] . The first two are also valid: dim Aut(M 2n , J) ≤ 2n + n 2 for a hyperbolic almost complex manifold with the equality iff there is an isomorphism with the standard ball (M 2n , J) ≃ (B 2n , J 0 ) and the isotropy subgroup Aut(M 2n , J) p is compact for every p ∈ M (actually we may modify the corresponding proof that G is a closed subgroup of I(M) using the ideas from the proof of theorem 4; we may get rid of using the lemma and change (J 1 P H ) r to (J 1 P H ) C , where C : M × M → IR is some bounded on compact sets function and the PH-jets Φ ∈ T * p M ⊗ T q M satisfy |Φ| ≤ C(p, q)). It turns out that the statement of the proposition is still true for another wide class of almost complex manifolds. The following is a weak version of the general position property from [Kr] .
Definition. An almost complex manifold (M 2n , J) is of slightly general position if for a dense set of points p ∈ M 2n the Nijenhuis tensor N J at every of these points satisfies
for all vectors ξ ∈ T p M\{0}. Proof. It was shown by Lafontaine [Laf] The theorem above is the analog of the known sufficient condition for a domain in C | n to be hyperbolic; that it be bounded. For this can be formulated as the statement that a bounded domain in IR 2n with complex structure is hyperbolic if the complex structure can be extended to the standard complex structure on an ambient ball. A statement of this kind is however false for a general almost complex domain where some extra condition such as tameness or standard integrability is not imposed. For S 6 \{p 0 } is diffeomorphic to IR 6 so we can essentially impose on IR 6 the restriction of the almost complex structure on S 6 discussed above. Choosing p 0 not to lie on the pseudoholomorphic 2-sphere that we found, and removing a closed ball around p 0 , we obtain a bounded domain in IR 6 (actually an open ball), such that the almost complex structure extends to the whole of IR
6 . Yet this domain is not hyperbolic.
Note that the reasoning above shows that the almost complex structure on S 6 cannot be tamed even on the complement of a small closed ball (globally it is evident since S 6 is not symplectic). 3
• . In example 2 we saw that not every bounded domain in an almost complex IR 2n is hyperbolic (except maybe IR 4 ). However theorem 6 implies that every point possesses a neighborhood which is hyperbolic. Thus it follows from theorem 3 that for every almost complex manifold M with finite dimensional (C ∞ -)parametrized almost complex structure J (τ ) , τ ∈ IR p , the property of (M, J (τ ) ) being hyperbolic is open with respect to (the usual) topology on IR p . This can be generalized.
The following statement gives examples of non-integrable hyperbolic almost complex structures on compact manifolds, for example on the product of orientable Riemann surfaces each of genus g i ≥ 2 or on a closed Hermitian manifold with holomorphic sectional curvature bounded above by a negative constant. to be the ball of radius 1 k around J in C m -norm (or W m,p -norm), intersect it with O and then take the diagonal subsequence. According to theorem 2 for every J k there exists a nonconstant pseudoholomorphic curve f k : C | → (M, J k ). The sequence of almost complex structures J k tends to J in C ∞ topology. As in the proof of theorem 2 we may apply Brody's reparametrization lemma to obtain uniform boundness of derivatives on compact sets and the condition |(f k ) * (0)e| = 1, and thus due to the compactness theorem B.4.2. of [MS] there exists a subsequence converging uniformly with all derivatives on compact sets to some pseudoholomorphic curve f : C | → (M, J). Since |f * (0)e| = 1 this curve is nonconstant which contradicts hyperbolicity of (M, J).
